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COMPLETENESS RESULTS FOR MANY-VALUED UKASIEWICZ
MODAL SYSTEMS AND RELATIONAL SEMANTICS
GEORGES HANSOUL AND BRUNO TEHEUX
Abstrat. The paper is dediated to the problem of adding a modality to the ukasiewiz
many-valued logis in the purpose of obtaining ompleteness results for Kripke semantis.
We dene a lass of modal many-valued logis and their orresponding Kripke models and
modal many-valued algebras. Completeness results are onsidered through the onstrution
of a anonial model. Completeness is obtained for modal nitely-valued logis but also for
a modal many-valued system with an innitary dedution rule. We introdue two lasses
of frames for the nitely-valued logis and show that they dene two distint lasses of
Kripke-omplete logis.
1. Introdution
Modal logis and many-valued logis were both historially introdued in order to free
oneself from the rigidity of propositional logi. With many-valued logis, the logiian an
hoose the truth values of the propositions in a set with more than two elements. With
modal logis, the logiian introdue a new onnetor whose aim is, for instane, to model the
possibility. Even if these two approahes of the siene of reasoning are not born independently
(see hapter 21 of [10℄), many-valued logis and modal logis reeived distinguished interests
sine their birth.
On the one hand, mathematiians takled many-valued logis (as dened by J. ukasiewiz
in [14℄; see [15℄ for an English translation and [5℄ for a monograph on the subjet) through their
algebrai form: the lass of MV-algebras that was introdued by C.C. Chang in 1958 (see [3℄
and [4℄) in order to obtain an algebrai proof of the ompleteness result for the innite-valued
ukasiewiz logi.
On the other hand, modal logis were also studied through their algebrai disguises, whih
are the Boolean algebras with operators (introdued in [11℄ and [12℄). But the suess of modal
logis among the ommunities of mathematiians, omputer sientists and philosophers is a
onsequene of the relational semantis introdued in the sixties by S. Kripke (see [13℄).
With Kripke semanti, also alled possible worlds semanti, a formula is possible in a world
w if it is true in a world aessible from w. From then on, in their approah of modal logi,
mathematiians have been fousing their attention on the onnetion between the algebrai
and the relational semantis. This approah allowed a great simpliation of the proof of the
ompleteness of normal modal logis through the onstrution of the so-alled anonial model
(see [1℄ for example).
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Sine the denition of a Kripke model an easily be extended to a many-valued realm,
the problem of merging modal and many-valued logi has already been onsidered by some
mathematiians in the last few years (see [8℄ and [7℄ or [16℄ for example). But the algebrai
approah and its onnetion with the relational semantis has never been onsidered.
In this paper, we introdue some modal many-valued (in a ukasiewiz meaning) logis
and their orresponding algebras and takle the problem of the ompleteness with respet to
many-valued Kripke models through the onstrution of a anonial model.
The next setion of this paper is dediated to the introdution of the many-valued Kripke
models. In the third setion, we dene the modal many-valued logis. The axiomatization of
these logis is very natural sine it appears learly that they admit the lass of many-valued
Kripke models as a sound semanti.
Modal many-valued algebras are introdued in the fourth setion as a step toward the
onstrution of the anonial model of a modal many-valued logi, whih is the objet of the
next setion. Here, the reader an nd one of the main result of this paper: the natural
denition of the valuation on the anonial model extends to formulas (Proposition 5.5).
Completeness results with respet to the Kripke models of setion 2 are onsidered in
setion 6. The results are obtained for the nitely-valued logis but also for an innitary
modal many-valued system (i.e. a formal system that admits an innitary dedution rule).
The onstrution of the anonial model allows us to simplify the axiomatization of the modal
nitely-valued logis. We also introdue the lass of n+1-frames. Roughly speaking, an n+1-
frame is a rst-order struture obtained from a frame by deiding to ban some valuations on
the frame. We then illustrate the dissimilarity between Kripke-ompleteness and n + 1-
Kripke-ompleteness.
We onlude the paper by suggesting some traks for possible projets.
2. A relational semanti for [0, 1]-valued modal logis
The modal many-valued systems that we develop in the sequel of the paper admit a sound
(and for some of them omplete) relational semanti. Sine this semanti is the main strength
of these systems, we have deided to rst introdue it.
Let us denote by Prop an innite set of propositional variables and by the set of formulas
dened indutively by the following rules:
(1) Prop ⊆;
(2) if φ and ψ are in then ¬φ, φ⊕ ψ and φ are in .
The intended meaning of φ⊕ψ and ¬ψ is lear (these formulas have their usual ukasiewiz
meaning) and φ an be read, for example, as φ neessary holds.
Obviously, as usual, we make use of the following abbreviations: the formula φ→ ψ stands
for ψ⊕¬φ, the formula ψ⊙φ for ¬(¬ψ⊕¬φ), the formula φ∨ψ for (φ→ ψ)→ ψ, the formula
φ ∧ ψ for ¬(¬φ ∨ ¬ψ) and ♦φ for ¬¬φ.
The denition of a Kripke model an easily be extended to a [0, 1]-valued realm. In the
following, we onsider the real unit interval [0, 1] endowed with the ukasiewiz impliation
and negation: x→ y = min(1, 1−x+ y) and ¬x = 1−x. If n is a positive integer, we denote
by n the subset {0,
1
n
, . . . , n−1
n
, 1} of [0, 1]. Note that n is losed for → and ¬.
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Denition 2.1. A many-valued Kripke model (or simply a many-valued model) M =
〈W,R,Val〉 is given by a non empty set W , an aessibility relation R ⊆ W × W and a
map Val : Prop×W → [0, 1]. If n is a positive integer suh that Val(Prop,W ) ⊆ n, then M
is alled an n+ 1-valued Kripke model.
A frame F = 〈W,R〉 is given by an non empty set W and an aessibility relation R on W .
A model M = 〈W ′, R′,Val〉 is based on the frame F = 〈W,R〉 if W =W ′ and R = R′.
IfM = 〈W,R,Val〉 is a many-valued Kripke model, we extend indutively the map Val to
formulas of by the following rules:
• Val(φ⊕ ψ,w) = Val(φ,w) ⊕Val(ψ,w) and Val(¬φ,w) = ¬Val(φ,w),
• Val(φ,w) =
∧
{Val(φ,w′) | (w,w′) ∈ R},
for any formulas φ and ψ of and any world w of W (where
∧
means that we onsider the
infemum in [0, 1]).
We write M, w |= φ or simply w |= φ (and say that w satises φ) whenever Val(φ,w) = 1,
and M |= φ whenever w |= φ for any w in W . In that ase, we say φ is true in M. Formulas
that are true in any model M are alled tautologies. If Γ is a set of formulas that are true in
a model M, then M is a model of Γ. If F is a frame and φ is a formula that is true in any
model based on F, we say that φ is valid in F and write F |= φ.
Note that the 2-valued Kripke models oinide with the Kripke models of normal modal
logis (where the operation ⊕ mathes up with the supremum ∨).
Proposition 2.2. If τ is an inreasing unary term of the language LMV = {→,¬}, then the
formulas
(p→ q)→ (p→ q), (p ∧ q)↔ p ∧q, τ(p)↔ τ(p)
are tautologies.
The idea of using these models as a semanti for modal many-valued logis is not new. See
[16℄ for example.
3. ukasiewiz modal many-valued logis
The purpose of this setion is to introdue a family of modal many-valued logis and their
orresponding algebras in order to takle ompleteness results through the onstrution of a
anonial model. We refer to [5℄ for an introdution to ukasiewiz logi and to [1℄ and [2℄
for an introdution to modal logi.
Denition 3.1. A modal many-valued logi is a set L of formulas of that is losed under
modus ponens, substitution, the neessitation rule (RN) (from φ infer φ) and that ontains
• an axiomati base of ukasiewiz many-valued logi (p → (q → p), (p → q) →
((q → r) → (p → r)), ((p → q) → q) → ((q → p) → p), (¬p → ¬q) → (q → p) for
example);
• the axiom (K) of modal logi: (p→ q)→ (p→ q),
• the formulas (p⊕ p)↔ p⊕p and (p⊙ p)↔ p⊙p,
• the formula (p⊕ pm)↔ (p⊕ (p)m) for every positive integer m.
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As usual, we write ⊢L φ and say that φ is a theorem of L whenever φ ∈ L and denote by
K the smallest modal many-valued logi. If in addition L ontains an axiomati base of the
n + 1-valued ukasiewiz logi, we say that L is a modal n+ 1-valued logi and we denote
by Kn the smallest of these logis.
Note that, aording to Proposition 2.2, the proposed axioms are tautologies for the many-
valued Kripke models, so that the latters form a sound semanti for the modal many-valued
logis.
Let us also remark that, as it will appear learly in the sequel of the paper (in Proposition
5.5), we only use the last family of axioms as a kind of onservative law for  with respet
to innitely great elements. Moreover Proposition 6.3 gives an axiomatization of the nitely-
valued logis without this family of axioms (and this explains why we have added the axiom
(p⊕ p)↔ p⊕p even if it is equivalent to (p⊕ pm)↔ (p⊕ (p)m) with m = 1).
We an easily gather the following theorems and admissible rules of K.
Proposition 3.2. The following formulas are theorems of K:
(p→ q)→ (♦p→ ♦q), ♦(p⊕ q)→ (♦p⊕ ♦q),
(p ∧ ♦q)→ ♦(p ∧ q), (p ∧ q)→ (p ∧q)
(p⊙q)→ (p⊙ q).
Moreover, the logi K is losed under the following dedution rules:
(1)
φ↔ ψ
φ↔ ψ
,
(2)
φ1 ⊙ · · · ⊙ φn → ψ
φ1 ⊙ · · · ⊙φn → ψ
.
Proof. The proofs are simple adaptations of the two-valued proofs. 
Note that at this point of our development, we an not deide if the formula p ∧ q →
(p ∧ q) is in K or in Kn (for n ≥ 2). We shall onlude latter, thanks to a ompleteness
result, that it is a theorem of Kn for any n. On the opposite, the formula (p⊙q)→ p⊙q
is not a theorem of Kn for any n ≥ 2 sine it is not a Kn-tautology.
Denition 3.3. If Γ∪ {φ} is a set of formulas and if L is a many-valued modal logi, we say
that φ is deduible from Γ in L and write Γ ⊢L φ (or simply Γ ⊢ φ when L = K or L = Kn
following the ontext) if φ is in any extension of Γ ∪ L that is losed under substitution and
modus ponens.
Note that we an state the following adaptation of the dedution theorem.
Lemma 3.4. If Γ∪{φ} is a set of formulas and if L is a modal many-valued logi, then Γ ⊢L φ
if and only if there is a nite subset {φ1, . . . , φr} of Γ and some positive integers m1, . . . ,mr
suh that ⊢L φ
m1
1 ⊙ · · · ⊙ φ
mr
r .
4. Modal many-valued algebras and the algebrai semanti
We introdue very briey the varieties of modal many-valued algebras and state the om-
pleteness result for modal many-valued logis and algebras. This somehow obvious result an
be seen as a step towards the onstrution of the anonial model and a possible ompleteness
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theorem for many-valued Kripke models. We refer the reader to [5℄ or [9℄ for an introdution
to the variety of MV-algebras.
Denition 4.1. If L is a modal many-valued logi then an L-algebra is an algebra A over
the language LMMV = {→,¬,, 0, 1} that satises the equations naturally indued by the
formulas of L. We denote by MMV (resp. MMVn) the variety of K-algebras (resp. the
variety of Kn-algebras). Members of MMV (resp. MMVn) are simply alled modal many-
valued algebras or MMV-algebras (resp. modal n+ 1-valued algebras or MMVn-algebras).
A modal many-valued logi L is often given by a set Γ of axioms, i.e. L is the smallest
modal many-valued logi that ontains K ∪ Γ, and is denoted by K+ Γ.
Sine the most ommonly used axiomatization of the variety MV of MV-algebras is given
over the language {⊕,⊙,¬, 0, 1}, we preferably use this language instead of LMV (with the
help of the theorem (φ ⊕ ψ) ↔ (¬φ → ψ)). Thus, an MMV-algebra is simply an algebra
A = 〈A,⊕,⊙,¬,, 0, 1〉 of type (2, 2, 1, 1, 0, 0) suh that
• the redut of A to the language {⊕,⊙,¬, 0, 1} is an MV-algebra (i.e. A satises the
equations ¬¬x = x, x⊕1 = 1, ¬0 = 1, x⊙y = ¬(¬x⊕¬y), (x⊙¬y)⊕y = (y⊙¬x)⊕x);
• the algebra A satises the equations (x→ y)→ x→ y = 1, (x⊕x) = x⊕x,
(x⊙ x) = x⊙x and (x⊕ xm) = (x⊕ (x)m) for every positive integer m.
Similarly, an MMVn-algebra is an MMV-algebra whose redut to the language of MV-algebras
is a member of the variety HSP(n) = ISP(n).
Reall that on an MV-algebra A, the relation ≤ dened by
x ≤ y if x→ y = 1
is a lattie order on A with x ∨ y = (x→ y)→ y and x ∧ y = ¬(¬x ∨ ¬y).
It is not the objet of this paper to study the varieties of MMV-algebras in details. This
work should be done in a forthoming paper. Let us note that the duality developed in [17℄
for eah of the varietiesMMVn ould be used as a tool for the investigation of these varieties.
Denition 4.2. A lter of an MMV-algebra A is a lter of its MV-algebra redut (i.e. a non
empty inreasing subset of A that ontains y whenever it ontains x and x → y). If x is a
subset of A, we denote by 〈X〉 the lter generated by X.
We denote by FL the free L-algebra over the set Prop of variables for any modal many-
valued logi L, i.e. the set of formulas modulo L-equivalene. In the following, we do not
distinguish a formula φ with its lass φL in FL.
Reall that the lattie of lters of an MV-algebra A is isomorphi to the lattie of on-
gruenes of A. The ongruene θF assoiated to a lter F by this isomorphism is dened by
(x, y) ∈ θF if (x→ y)⊙ (y → x) ∈ F . As usual, we denote by A/F the quotient A/θF .
For our purpose, the next result is fundamental, albeit an obvious one.
Proposition 4.3. If L is a modal many-valued logi, and Γ ∪ {φ} is a set of formulas then
Γ ⊢L φ if and only if φ = 1 in FL/〈Γ〉 or equivalently if φ is satised in every L-algebra that
satises the axioms of Γ.
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5. Constrution of the anonial model
Here is one of the main ontributions of the paper. Reall that the variety of MV-algebras
is the variety generated by the algebra 〈[0, 1],⊕,⊙,¬, 0, 1〉 dened on the real unit interval
[0, 1] by x ⊕ y = min(x + y, 1) and ¬x = 1 − x and that an MV-algebra A is simple if and
only if it is an isomorphi opy of a subalgebra of [0, 1]. Moreover, two isomorphi subalgebras
of [0, 1] are neessarily equal (and the isomorphism is the identity). We an thus state the
following lemma, whih will enable us to dene a valuation on the anonial model. A lter
of an MV-algebra A is maximal if it is maximal among the proper lters of A.
Lemma 5.1. A lter F of an MV-algebra A is maximal if and only if there is a unique
embedding f : A/F → [0, 1].
The idea of the onstrution of the anonial model for a logi L is lassial. The universe
of the model is the set of the maximal lters of FL (it oinides with the maximal onsistent
extensions of L). But, in order to simplify the expression of our results, it is better to identify,
with the help of Lemma 5.1, the set of the maximal lters of FL with the set MV(FL, [0, 1])
of the homomorphisms of MV-algebras from FL to [0, 1].
Denition 5.2. The anonial model for a modal many-valued logi L is the model ML =
(WL, RL,ValL) where
• the universe WL of ML is the set MV(FL, [0, 1]);
• the binary relation RL is dened by
(u, v) ∈ RL if ∀ φ ∈ FL (u(φ) = 1⇒ v(φ) = 1),
• the valuation map ValL : Prop×WL → [0, 1] is dened by
V alL(u, p) = u(p).
Note that the denition of the anonial model for K1 oinides with the lassial denition
of the anonial model for the Boolean basi modal logi (if we identify any maximal lter F
of FK1 with the quotient map piF : FK1 → {0, 1} and if we identify the Boolean valuation
map Val : Prop→ P(WK1) with its harateristi funtion).
The main result of this setion is that the map ValL extends to formulas. Before onsidering
the proof of this result, we need the following denition.
Denition 5.3. We denote by D the subset of Q that ontains the numbers that an be
written as a nite sum of powers of 2. If r is in D∩ [0, 1], we denote by τr a omposition of the
terms x⊕x and x⊙x suh that τr(x) < 1 for every x ∈ [0, r[ and τr(x) = 1 for every x ∈ [r, 1].
A proof of the existene of suh terms an be found in [16℄ for example. Furthermore, we
an always hoose τr suh that τr(x) = 1 for every x ∈ n ∩ [r, 1] (but this hoie is not
independant of n).
Lemma 5.4. If L is a modal many-valued logi and if u, v ∈ WL, then (u, v) ∈ RL if and
only if u ◦ ≤ v.
Proof. The right to left part of the assertion is lear. Let us prove the left to right part and
suppose that there is a φ in FL, a v in RLu and an r in D∩ [0, 1] suh that v(φ) < r ≤ u(φ).
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It follows that
τr(v(φ)) = v(τr(φ)) < 1 and 1 = τr(u(φ)) = u(τr(φ)) = u(τr(φ)),
whih is a ontradition sine uRLv. 
Proposition 5.5. If L is a modal many-valued logi, then
ValML(φ, u) = u(φ)
for any φ in and u in WL.
Proof. The non trivial statement is the equality
(5.1) u(φ) =
∧
v∈RLu
v(φ).
The inequality ≤ is the ontent of Lemma 5.4.
Suppose now that the equality does not hold in (5.1), but just the strit inequality <. Then,
there is an r in D ∩ [0, 1] suh that
u(φ) < r ≤
∧
v∈RLu
v(φ).
It means that for any v ∈ RLu, the maximal lter v
−1(1) of FL ontains τr(φ) and that the
lter −1u−1(1) does not ontain τr(φ).
But, sine (u, v) ∈ RL if and only if 
−1u−1(1) ⊆ v−1(1), if follows that the maximal
lters of FL that ontain 
−1u−1(1) are exatly the v−1(1) with v ∈ RLu, while eah of these
maximal lters ontains τr(φ). It means that the lass of τr(φ) in FL/
−1u−1(1) is innitely
great, so that τr(φ) ⊕ τr(φ)
m
belongs to −1u−1(1) for every positive integer m. It follows
that
1 = u((τr(φ)⊕ τr(φ)
m)) ≤ u(τr(φ)⊕ (τr(φ))
m),
for any positive integer m, so that u(τr(φ)) is innitely great in u(FL). Sine u(FL) is a
subalgebra of [0, 1], we obtain that u(τr(φ)) = 1, a ontradition. 
6. Completeness results
Proposition 5.5 enables to prove ompleteness results for some modal many-valued log-
is. . . but only for some of them. Indeed, with the help of Proposition 5.5, we obtain that if
Γ is a set of axioms then a formula φ that is valid in every model of Γ is deduible from Γ if
the algebra FK/〈Γ〉 is semi-simple, i.e. if 〈Γ〉 is the only element of FL/〈Γ〉 that is in every
maximal lter of FL/〈Γ〉. Unfortunately, ontrary to the two-valued ase (where every logi is
the intersetion of its maximal onsistent extensions), we an not ensure a priori that FL/〈Γ〉
is a semi-simple algebra.
Hopefully, there are some very interesting logis for whih the ompleteness result an be
stated.
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6.1. Modal nitely-valued logis. The rst family of systems that admit the many-valued
Kripke models as a omplete semanti is the nitely-valued ones.
Theorem 6.1. If Γ∪ {φ} is a set of formulas, then Γ ⊢Kn φ if and only if φ is valid in every
n+ 1-valued Kripke model of Γ.
Proof. The algebra FKn/〈Γ〉 is a member of HSP(n) = ISP(n) and so is semi-simple. 
Note that by onsidering n = 1, the preeding proposition boils down to the ompleteness
result for Boolean basi modal logi and Kripke semanti.
We have announed in setion 4 the following result whih is an appliation of the preeding
ompleteness theorem.
Proposition 6.2. If n is a positive integer then ⊢Kn (p ∧ q)↔ (p ∧q).
Moreover, we an simplify the axiomatization 3.1 of Kn. We an indeed get rid o the
family of axioms that expresses the onservative law of  with respet to the innitely great
elements.
Proposition 6.3. If MVn denotes the n+1-valued ukasiewiz logi and if K
′
n = MVn+
(p→ q)→ (p→ q) +(p⊕ p)↔ (p⊕p) +(p⊙ p)↔ (p⊙p), then Kn = K
′
n.
Proof. In the proof of Proposition 5.5 with L = Kn, we an dedue diretly that u(τr(φ)) = 1
from the fat that τr(φ) is innitely great in FKn/
−1u−1(1), sine FKn/
−1u−1(1) has no
non trivial innitely great element. It means that Proposition 5.5 stands with L = K′n and
that ⊢K′
n
φ for any formula φ that is valid in any n + 1-valued Kripke model. We an
thus onlude sine for any positive integer m, the formula (p ⊕ pm) → (p ⊕ (p)m) is a
tautology. 
Apart from the ompleteness result, the extensions of Kn seem to share interesting prop-
erties with the Boolean modal logis. For instane, the paper [17℄ is dediated to the on-
strution of a duality for Kn-algebras and a lass of topologial strutures. For n = 1, this
duality oinides with the Stone duality for modal algebras. The role played by the duality
for Kn-algebras is as important as the role played by the Stone duality for modal algebras in
Boolean modal logi. Indeed, the lass of the dual strutures (alled MX n-strutures) forms
a very adequate semanti sine any extension L of Kn is omplete with respet to the lass
of MX n-strutures in whih L is valid.
Moreover, the onstrution of this duality suggests two ways of going from n + 1-valued
Kripke models to frames (and onversely). Indeed, we an obviously dene a frame F =
〈W,R〉 as a a set W with a binary relation R on W . Then, a frame F = 〈W,R〉 beomes a
model by the addition of a valuation Val : Prop ×W → n. So, the set of truth values in
a world w is given by the valuation, at the model level and not at the frame level. Now, it
is also possible (and as we shall see, relevant) to onsider some new (rst order) strutures,
alled n + 1-frames, in whih the set of truth values in a world w is know a priori, without
any referene to a valuation. In the following denition, we denote by div(n) the set of the
positive divisors of n.
Denition 6.4. An n+1-frame F = 〈W, {rm | m ∈ div(n)}, R〉 is given by a set W , a subset
rm of W for every m in div(n) and a relation R ⊆W ×W suh that
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(1) for every m and k in div(n), the intersetion rm ∩ rk oinides with rgcd(m,k) and
rn =W ;
(2) for every m in div(n), the set Rrm = {w | ∃ w
′ ∈ rm w
′Rw} of the suessors of the
elements of rm is a subset of rm.
A model 〈W ′, R′,Val〉 is based on an the n + 1-frame F = 〈W, {rm | m ∈ div(n)}, R〉 if
W =W ′, R = R′ and Val(p,w) ∈ m for any m in div(n), any w in rm and p in Prop.
Validity in n+ 1-frames is dened similarly as in the lass of frames.
Thus, an n + 1-frame is obtained from a frame by restriting the lass of valuations that
an be added to this frame to dene an n + 1-Kripke model. We should so have a gain in
the expressivity of the lass of n + 1-frames with regard to the lass of frames. For instane,
there are some extensions L of Kn that are haraterized by a lass of n+ 1-frames but that
are not haraterized by any lass of frames. Here are a few easy examples.
Denition 6.5. A modal many-valued logi L is Kripke omplete (resp. tabular) if there is
a lass of frames K (resp. a nite frame F) suh that L is the set of formulas that are valid
in every frame of K (resp. in F).
Similarly, a logi L is n + 1-Kripke omplete (resp. n + 1-tabular) if there is a lass of
n+1-frames (resp. an n+1-frame F) suh that L is the set of formulas that are valid in every
model based on a frame of K (resp. on F).
If F = 〈W, {rm | m ∈ div(n)}, R〉 and F = 〈W
′, {r′m | m ∈ div(n)}, R
′〉 are two n+1-frames,
a map f :W →W ′ is alled a n+1-pi-morphism if the three following onditions are satised:
(1) if u and v are in W and (u, v) ∈ R then (f(u), f(v)) ∈ R′;
(2) if u ∈ W and v′ ∈ W ′ with (f(u), v′) ∈ R then there exists a v in Ru suh that
f(v) = v′;
(3) if u ∈ rm then f(u) ∈ r
′
m.
We leave to the reader the task to prove that validity is preserved under n + 1-pi-morphi
image, i.e. that if f : F → F′ is a surjetive n + 1-pi-morphism between two n + 1-frames F
and F′, then F′ |= φ whenever F |= φ.
Proposition 6.6. Assume that n ≥ 2. We have the following ompleteness results.
(1) The logi L1 = Kn + (p ∨ ¬p) is n + 1-Kripke omplete with respet to the lass
of the n+ 1-frames that satisfy ∀u Ru ⊆ r1 but is not Kripke-omplete.
(2) The logi L2 = Kn +(p∨¬p) +p+¬(♦p∧♦¬p) is n+1-tabular but is not even
Kripke omplete.
(3) The logi Kn + x → x is Kripke-omplete with respet to the lass of reexive
frames.
(4) The logi Kn +x→ x is Kripke-omplete with respet to the lass of transitive
frames.
Proof. (1) It is lear, by the denition of a model based on an n+ 1-frame that L1 is hara-
terized by the lass of n+ 1-frames that satisfy the rst order formula ∀u Ru ⊆ r1.
Suppose then that K is a lass of frames that haraterizes L1. First note that we may
suppose that K ontains a frame 〈W,R〉 with R non trivial. Otherwise, for any frame F of K
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and any formula φ, the formula φ is valid in F and is so a theorem of L1. But it is easy to
onstrut a L1-ounter-model for (p ∧ ¬p).
Now, if F = 〈W,R〉 is a frame of K with a non trivial relation R and if M = 〈W,R,Val〉
is a model based on F and w, v ∈ W with wRv, it follows that M, w |= (p ∨ ¬p). We
dedue that Val(p, v) ∈ {0, 1}. Then, if we denote by M′ = 〈W,R,Val′〉 the model based on
F dened by
Val′(q, u) =
{
Val(q, u) if q 6= p or u 6= v,
1
n
if q = p and u = v,
it appears that p ∨¬p is not true in M′, a ontradition sine M′ is based on a frame of
K.
(2) Let us onsider the n+ 1-frame F whose universe is {u, v} with (u, v) ∈ R, u ∈ rn and
v ∈ r1 (we only speify for any world of an n + 1-frame the smallest of the subsets rm that
ontain this world) and the n+ 1-frame F′ as the one irreexive point belonging to rn.
It is lear that any formula of L2 is satised in F and F
′
. Now, suppose that φ is a formula
that is satised in F and F′ and prove that φ belongs to L2. It sues to prove that φ is valid
in the anonial model of L2.
First, if w is a world of ML2 , then w |= ψ for every formula ψ and thus the subframe
Rω
L2
w of 〈WL2 , RL2〉 generated by w is equal to RL2w and (w,w) 6∈ RL2 .
Then, sine w |= ¬(♦φ ∧ ♦¬φ) for every formula φ, it follows that |RL2 | ≤ 1. Otherwise
there are two worlds t and s in RL2w. Sine we work in the anonial model, it means that
there is a formula ψ suh that t(ψ) 6= s(ψ). We dedue that w 6|= ¬(♦ψ ∧ ♦¬ψ).
Now, with the help of the axiom (p ∨ ¬p), we obtain that Rω
L2
w is an n + 1-pi-morphi
image of F or F′ and thus ML2 , w |= φ.
We leave to the reader the task to prove, similarly as in (1), that the logi L2 is not Kripke
omplete.
For (3) and (4), it sues to mimi the lassial proofs. 
The preeding proposition illustrates the dierene between frame denability and n + 1-
frame denability and gives a rst simple example of orrespondene theory for modal many-
valued formulas and n + 1-frames. We should study in more details in a forthoming paper
this dissimilarity in frame denability.
6.2. Innitary modal many-valued systems. Another way of obtaining ompleteness re-
sults is to extend the modal systems that we have dened by an innitary dedution rule.
Denition 6.7. The innitary modal many-valued system has the set of well-formed formulas,
the modus ponens, the neessitation rule and the rule
(Inf)
φ⊕ φ, φ⊕ φ2, . . . , φ⊕ φn, . . .
φ
as dedution rules.
If Γ is a set of axioms and φ is a formula, we write Γ ⊢∞ φ if φ appears in a possibly innite
sequene (ψβ)β≤α of formulas that belongs to Γ, are obtained by substitution in a formula
belonging to Γ or that are obtained by the appliation of a dedution rule from previous
formulas of the sequene.
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Note that if φ is a formula and Γ ⊢K φ then Γ ⊢∞ φ. We an then state the following
ompleteness result.
Proposition 6.8. If Γ ∪ {φ} is a set of formulas, then Γ ⊢∞ φ if and only if φ is true in
every many-valued Kripke model of Γ.
Proof. If Γ ⊢∞ φ, the result follows from that fat that there is no innitely great element in
the MV-algebra [0, 1], so that the rule (Inf) preserves tautologies.
Now, if φ is true in any model of Γ, then φ is innitely great in the algebra FK/〈Γ〉, whih
means that for any integer m ≥ 2, the element φ⊕φm is equal to 〈Γ〉 in FK/〈Γ〉, or equivalently
that Γ ⊢K φ⊕ φ
m
for any integer m ≥ 2. We an onlude using the rule (Inf). 
7. Conlusions
We propose some traks than ould be followed in the future.
• Innitary vs nitary modal systems. The general ompleteness result that is proposed
in this paper involves an innitary dedution rule. Sine we an get rid o this rule
in the ase of the nitely-valued modal logis, the question to determine the minimal
extensions of K for whih the ompleteness result  without the innitary rule  an
be stated should be onsidered. We do not know if ⊢∞ φ is equivalent to ⊢K φ.
• Varieties of MMV-algebras and MMVn-algebras. We have not given any signiant
information about these varieties. A good tool for the studies of varieties of MMVn-
algebras ould be the topologial duality onstruted in [17℄. A problem that ould
be solved in this way is the haraterization of nitely generated algebras (following
some ideas of [6℄).
• Kripke-ompleteness, n + 1-Kripke-ompleteness and orrespondene theory: we
should study in detail, with the tool of universal algebra and anonial extensions,
the dissimilarity between Kripke-ompleteness and n+ 1-Kripke-ompleteness and
onsider the problem of the orrespondene between modal many-valued formulas and
rst order sentenes on frames and n+ 1-frames.
• Temporal logi and propositional dynami logi: we should give interest to the on-
strution of some partiular systems of modal n+1-valued logis suh as n+1-valued
temporal logi or dynami logi. By their nature, suh systems ould be useful for
omputer sientists for example.
• Extension to more general languages. The results of this paper are obtained for the
basi modal language with one unary modal operator. They should be extended to
languages ontaining k-ary modalities.
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